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bstract-The onset ofconvection in a fluid layer subject to internal heating and transient cooling from above 
c considered. The dynamic linear stability theory is applied and the dependency of the critical time on the 

Rayleigh number, Prandtl number, wave number of the perturbations, and the cooling rate is studied. 

NOMENCLATURE 1. INTRODUCTION 

wave number THE ONSET of convection in a fluid layer subject to an 

coefficients in equation (7) unstable, time-independent nonlinear temperature 
coefficients in equation (10) profile has been studied by many investigators [14]. 
defined such that for t > 0, the upper The approach used is that of linear stability theory 

surface temperature is lowered according to which results in the critical Rayleigh numbers marking 

T = To-ct 
gravity vector 
gravitational acceleration 
depth of the fluid layer 
Prandtl number 
Rayleigh number defined in equation (12) 
heat source 
temperature 
temperature at the lower surface 
time 
velocity vector 
perturbation components of velocity 
coordinate axes in plane perpendicular to 
the gravity vector 
coordinate axis in the direction of the 
gravity vector. 

Greek symbols 

; 

thermal diffusivity 
thermal expansion coefficient 

6 perturbation component of temperature 
1 dummy variable in equation (11) 
V kinematic viscosity 

P density. 

Subscripts 
1 in the x-y plane 
C critical value 

i initial 

%Y in x- or y-direction 
RMS root-mean-square. 

Superscripts 
_ 

horizontal average. 

the neutral states. These results are independent of the 

Prandtl number. According to the principle of ex- 
change of stability, these states of marginal instability 
separate the initial stationary quiescent states from 
those in which stationary convection patterns are 
established. Chandrasekhar [S] has given an extensive 
description of this method. 

Foster [6,7] considered the stability of an initially 
homogeneous layer of fluid which is suddenly cooled 
from above. Therefore, the mean temperature 
distribution was time dependent. He found that for a 
given Rayleigh number based on the cooling rate, the 
time needed for the system to manifest convective 
behavior, i.e. the critical time, depends on the Prandtl 
number of the fluid considered. He also found that for 
large Rayleigh numbers the critical time is independent 
of the depth of the fluid layer. Onat and Grigull [S] 
considered transient heating from below and in their 
semi-empirical study confirmed the dependency of the 
critical Rayleigh number on the Prandtl number. In a 
similar experiment, Davenport and King [9] also 
confirmed this Prandtl number dependency, and, since 

the fluid layers used in their experiments were relatively 
deep, they concluded that the time of the onset of 
convection is independent of the fluid depth. Mahler et 
al. [lo] and Mahler and Schechter [l l] performed 
experimental and analytical studies on the stability ofa 
fluid layer where the change in density was due to gas 
absorption in the liquid. They used stochastically 
defined initial states in order to improve the agreement 
between the results of linear analysis and the 
experimental results. They concluded that the initial 
thermal molecular excitations do not affect the timing 
of the onset ofconvection. Davis and Choi [ 121 applied 
the same principle to the liquid film flow where 
downstream of the flow a linear and unstable 
temperature field was imposed. Their experimental and 
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theoretical results were in agreement. Jhavari [13] 
examined the importance of the initial conditions by 
considering two cases. In one the instability was due to 
a step change in the surface temperature and the other 
was due to a ramp type change in the surface 
temperature. He concluded that a stochastic descrip- 
tion of the thermodynamic fluctuations is the best 
choice for the initial condition. However, his results 
show that the results for the ramp type changes in the 
surface temperature are less dependent on the initial 
conditions. This is expected because as the buoyancy 

force slowly evolves it would be less influenced by the 
initial conditions. 

In the stability analysis of fluid layers with time- 
independent stratifications the objective is to determine 
the critical Rayleigh numbers corresponding to no 
growth in the introduced disturbances. However, for 
time-dependent stratifications, an infinitesimal dis- 
turbance is introduced and its growth or decay is 
observed. If the buoyancy force is large enough to 
overcome the viscous and other forces, then the 
disturbances may grow in a rather superexponential 
manner. The determination of the time of the onset of 
convection is made empirically and is normally taken to 
be when the disturbance grows to a thousand times its 
initial magnitude, even though at this time the 
disturbances may no longer be infinitesimal and, 
consequently, the linearity assumption may no longer 
hold. It is the start of this superexponential growth 
which is important. As was mentioned above, by similar 
analysis Mahler and Schechter [l 11, Davis and Choi 
[12], and Foster [14] have found good agreement 
between the results oftheir prediction and the available 
experimental data. 

In this study the onset of convection in a fluid layer 
with the following specifications is considered. Initially 

the fluid, which is confined between two shear-free 
surfaces, has been heated by a uniform source until 
steady-state temperature distribution is established. 
Later the fluid is cooled from above by lowering the 
temperature of the upper surface at a constant rate. 
Thus the fields are transient with the initial temperature 
distribution being nonlinear. The internal heat 
generation can be due to (a) absorption of external 
radiation by an optically thin layer [3,4], (b) chemical 
reaction, and (c) radiation decay among others. The 
cooling from above can be due to evaporation [ 14,151. 
This fluid layer is assumed to be resting on another fluid 
with which it is immiscible. Therefore, the results of this 
analysis can be applied to fluid layers subjected to the 
above mentioned internal heating and upper surface 
evaporative cooling where the shear stresses at the 
boundaries are negligible. 

The characteristic equation, obtained by manipu- 
lation ofthe continuity, momentum and thermal energy 
equations, is solved for a velocity perturbation which is 
assumed to be represented by a series with time- 
dependent coefficients. The resulting set of second- 
order ordinary differential equations is solved 
numerically. 

2. ANALYSIS 

2.1. The characteristic equation 

Consider an initially quiescent horizontal 
Boussinesq fluid layer with a rectangular coordinate 
system in which gravity is in the z-direction and the 
origin is at the upper surface. In the absence of any mean 
motion the conservation of energy is written as 

;+u*VT=EV~T+.~, (1) 

where u is the perturbation velocity vector and s is the 
volumetric heat generation which is assumed not to be a 
function of the perturbation variables. By separating 
the temperature into horizontal mean and pertur- 
bation components, equation (1) for the horizontal 
mean component of temperature becomes 

a7 a2T 

-==r++S. at (2) 

The equations expressing conservation of mass and 
momentum, assuming a linear equation of state, are 
written as 

v+u=o, (3) 

au 
-+(u'v)u= -+g3+"v2u. 
at 

(4) 

Following Pellew and Southwell [16], after 
linearization we have 

[(; - vvl)(; - d+-pg~ + = 0. (5) 

For the velocity we assume a perturbation of the 
form 

w(x, y, 2, t) = w(z, t) exp Ci(a,x + a,y)l, (6) 

where a2 = a: + a: is the horizontal wave number. A 
similar form is assumed for the temperature 
perturbation. It is assumed that the top and bottom 
surfaces are free and that 0 = 0 at z = 0, L. 

It is further assumed that in equation (6) the first 
coefficient on the RHS can be separated and expressed 
in a series as 

~(2, t) = 5 A,(t) sin y 
( > 

, (7) 
m=, 

which satisfies the boundary conditions. By applying 

equations (6) and (7) to equation (5) multiplying by 
sin (rnz/L) and integrating over z = 0 to L, one obtains 

t($ + a’>, cwA,-a’fig C A, ,I, 

~{~~sin[~)sin~~)dz 

+g($+a2)2/u+a)$ 

+k(I$+a2>$=0, r= 1,2,... 

(8) 
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Equation (8) consists of an infinite number of coupled a, d2A, 2a2 Ra Pr 
second-order ordinary differential equations in A,(C). c 4&)~,,@) 

In order to solve these equations, the gradient of the 
dt2 - ,.2X2 + a2 m=, 

mean temperature distribution must be specified. This -(rV+a2)2 Pr A,-(r%2 +a2) 

time and space dependent gradient is obtained from 
equation (2). x(l+P$$, r = 1,2,..., (13) 

where 
2.2. The mean temperature distrib#t~~n 

The initial temperaturedistribution is due touniform 

s 

1 dT 

heat generation with both the upper and lower surfaces 
r,,(t) = o -Y& sin (mnz) sin (mz) dz. (14) 

This can be written in the following convenient form 

ff__ ( [l-(-l)“-r-c] e-(“-r)‘““+c _ [l_(_l)“+r_c] 
~ 

e-(m+r)2n’t+~~ 
.S , for m # r, 

at a constant temperature, To. Therefore 

i;;=+Jl-z)z+To. (9) 

With a half-range Fourier series, this can be written in a 
sine series as 

00) 

where 

For t > 0, the lower surface temperature is maintained 
at To while the upper surface temperatureis lowered at a 
constant rate of -c. The solution to this transient 
problem is found by separation of the variables and the 
application of Duhamel’s theorem. The solution, given 
in Carslaw and Jaeger [ 171, is 

Next the governing equations are made non- 
dimensional by defining 

T* _ G-T,) WL 
-, 

SL? 
z* =z 

L' 
t* =“t 

L? ’ 
w*=- 

ci ’ 

a* = a& fm7P ij* = ~ , Ra* = @.!! (12) 
VU vu2 ’ 

Note that the Rayleigh number is based on the initial 
uniform heating rate and that parameter c indicates the 
transient cooling. Equation (8), after dropping the 
asterisk, becomes 

(m + r)’ 
(15) 

where, because the Fourier series in equation (11) is not 
uniformly convergent at z = 0, a closed form 
substitution was made [18]. The characteristic 
equation, i.e. equation (13), together with the 
contribution of the temperature gradient given by 
equation (15), can now be solved. The result is the 
transient behavior of the velocity perturbation. 

3. SOLUTION 

The infinite set of coupled second-order ordinary 
differential equations in A,(t) given by equation (13) are 
solved numerically. The Fourier series describing the 
velocity has been truncated to a finite number of terms. 
The scheme of the solution is Runge-Kutta-Gill’s 
fourth-order approximation described by Romanelli 
[19]. The sensitivity of the solution to the initial 
conditions for A, and dA,jdt, as well as the number of 
terms retained in the Fourier series, is described in refs. 
[6, 10, 111, Here the first 17 terms in the Fourier series 
were retained and the value ofunity was assigned for the 
initial values of all A, and the value ofzero was assigned 
for the initial values of all dA,/dt. From the results 
reported in refs. [6,7, 10, 111 these choices seem to be 
reasonable for the ramp type change in the surface 
temperature considered here. The growth of the 
perturbation velocity can be presented by defining the 
flowing quantities 

w(t) = G (16) 

w(z, t)’ dz 

> 

l/2 
%Ms(z> t) = 

j:,w(z,t -0)‘dz ’ (17) 

For validation of the solution scheme explained above, 
acase ofuniform initial temperature was computed and 
the results were compared to those of Foster [6]. The 
two results were identical. In the numerical integration, 
as the Rayleigh number decreased, the required number 
of time steps increased. For example, 3740 time steps 
were required before w(t) reached a magnitude of one 
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FIG. I. Variation of the critical time with wave number: Ra = 104, Pr = 7 and c = lo3 

thousand, for Ra = 103, c = 10 and a time-step size of 
1.25 x 10m4. 

4. RESULTS AND DISCUSSION 

The initial temperature distribution, i.e. the 

parabolic distribution, is potentially unstable. The 
critical Rayleigh number marking the state of marginal 
stability for this distribution is found by setting the time 
derivatives in equation (13) at zero. Then the critical 

Rayleigh number is found by requiring that the 
determinant of the infinite set of algebraic equations be 
equal to zero in order for Am's to have non-trivial 

solutions. In practice, only a determinant of 0( 10) needs 
to be considered. The minimum Rayleigh number with 
respect to wave number is sought. This value is also 
found by Kulacki and Goldstein [l] and is Ra, 
= 16 992, with a critical wave number of a, = 3.02. In 
the study of the time-dependent profiles that follows, 
Rayleigh numbers below this critical value are 
considered. 

The solution to equation (13) gives the transient 
behavior of the amplitude of velocity perturbation 
introduced in the potentially unstably stratified fluid 
layer considered here. Figures 14 show the 
dependency of the critical time, i.e. the time at which the 
vertically averaged velocity reaches a magnitude equal 

FIG. 2. Variation of the critical time with Prandtl number: Ra = 104, c = lo3 
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FIG. 3. Distributions of the mean temperature and the RMS of the vertical disturbance velocity. The solid 
curves are for Pr = 7 and the dashed curves are for Pr = 0.1: Ra = 104, c = 103. 

to one thousand times its initial value, on various 

parameters of the problem. 
Figure 1 shows the variation of the critical time with 

wave number. The results are for Ra = 104, Pr = 7, and 
c = 103. The wave number corresponding to the 
smallest critical time is called the critical wave number. 
The critical wave number increases with increases in 
Rayleigh number and cooling rate and in general 
depends on the Prandtl number. In all the results that 
follow, the wave number is the critical wave number. 

Figure 2 shows the variation of the critical time with 

Prandtl number. The results are for Ra = lo4 and 
c = 103. The trend is identical to that obtained by Foster 
[6] and Mahler et al. [lo]. The critical time increases 

with decrease in Prandtl number. This indicates that 

as the thermal diffusivity increases the effect of cooling 
penetrates further into the fluid and, therefore, its 
effectiveness decreases. The results also show that for 
small thermal diffusivity, i.e. Pr > 10, the effect of cool- 
ing is so concentrated near the surface that the critical 
time which is small in magnitude does not vary signifi- 
cantly with the Prandtl number as long as Pr > 10. 

This Prandtl number dependency is also shown in 
Fig. 3. The results are for Ra = 10” and c = 103. The 
mean temperature distribution and the RMS of the 
vertical velocity disturbance at the critical time are 
shown. The solid curves show the results for Pr = 7 and 
dashed curves show the results for Pr = 0.1. Note that 

the location of the maximum wRMS is at z = 0.17 for 
Pr = 7 and below that at z = 0.22 for Pr = 0.1. The 

1.6992 x 

5x 

2x 

Ra 5x 

2x 

FIG. 4. Variations of the critical time with Rayleigh number and the cooling rate: Pr = 7. 
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surface temperature for Pr = 0.1 is larger than that for 
Pr = 7 because of the larger critical time associated 
with Pr = 0. I. 

2. 

Figure 4 shows the variation of the critical time with 
respect to the Rayleigh number for two cooling rates 
and Pr = 7. Above Ra = 16992 the initial parabolic 
temperature distribution is unstable. Below Ra = 

16 992, the cooling of the upper surface is required for 
the onset of convection. The instability mechanism 
would therefore change slightly. For Ra << 16 992, the 
initial parabolic temperature no longer plays a role and 

the results are similar to those for uniform initial 

temperature distribution. Therefore, the magnitude of 

the cooling rate is the dominating parameter. However, 

note that the cooling rate is non-dimensionalized with 

respect to the heating rate. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 

5. SUMMARY 

Linear stability theory is applied to a fluid layer 
bounded by free surfaces and subject to a time- 
dependent temperature profile characterized by 
uniform initial heating and transient upper surface 
cooling. The results show that the critical time, defined 
as the time when the introduced disturbances grow to 
one thousand times their initial magnitude, increases as 
the Prandtl number decreases. The dependency of the 
critical time on the magnitude of the initial heating, i.e. 
Rayleigh number, and the magnitude ofthe cooling rate 
are quantitatively established. 

10. 

11. 

12. 

13. 

14. 

Further investigations applying finite amplitude 
disturbances and rigid boundaries are recommended. 
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APPARITION DE LA CONVECTION THERMIQUE DANS UNE COUCHE FLUIDE 
AVEC UNE DISTRIBUTION DE TEMPERATURE VARIABLE DANS LE TEMPS 

Resume-On considtre I’apparition de la convection dans une couche fluide soumise a un chauffage interne et 
a un refroidissement transitoire sur le dessus. La theorie dynamique lineaire de stabilite est appliquee et on 
etudie la dependance du temps critique vis-a-vis du nombre de Rayleigh, du nombre de Prandtl, du nombre 

d’onde des perturbations et de I’intensite du refroidissement. 

DAS EINSETZEN DER THERMISCHEN KONVEKTION IN EINER FLUIDSCHICHT BE1 
ZEITABHANGIGER TEMPERATURVERTEILUNG 

Zusammenfassung- Es wird das Einsetzen der Konvektion in einer Fluidschicht auf Grund von inneren 
Warmequellen und zeitlich verlnderlicher Kiihlung van oben untersucht. Dazu wird die lineare 
Stabilititstheorie angewendet und die Abhangigkeit der kritischen Zeit auf die Rayleigh-Zahl, die Prandtl- 

Zahl, die Wellenzahl der Stiirungen und die Kiihlrate betrachtet. 
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B03HMKHOBEHME TEIlJIOBOl? KOHBEKUAM B CJIOE XkiAKOCTM C 3ABMCMMblM 
OT BPEMEHM PACIIPEAEJIEHMEM TEMIIEPATYPbI 

AimorauHn-PaccMaTpm3aexx ao3miKHoaemie KomieKukiki a cnoe xun~ocTa c BHYT~HHAMH wzToww- 

KaMATCnnanpaHeCTa~llOHapHOMOxJram~eHHIiCBepXy.~CnOnb3yeTCnnnHe~Haa TeOpHiaLWHaMIi'feCKOfi 

YCTOi%WBOCTH M HCCJIeLIyeTCZ4 3aBHCAMOCTb KpHTHYeCKOrO BpMeHIl 07 'IHCeJl P3JEeFl, npaHL,TJW, 

B~JIHOBO~O qkicna a03Mymemik li CKOPOCTH 0xnawleHHs. 


